The elastic scattering rate of acoustic phonons in periodic superlattices due to isotopic atoms is calculated in the isotropic, continuum approximation. Unlike the case in bulk solids, the scattering rate depends on both the propagation direction and mode of phonons. Numerical examples are given for AlAs/GaAs and Al/W superlattices for propagation along the normal to the layer interfaces. We find that the scattering of longitudinal phonons is much weaker than that of transverse phonons for wide ranges of frequencies.
The propagation and scattering of acoustic phonons in superlattices are of both fundamental and practical interest. An increasing number of semiconductor devices incorporate superlattice structures and the heat generated at an active region of a device is dissipated eventually in the form of acoustic phonons. So far, the basic propagation characteristics of phonons in superlattices have been extensively studied both theoretically and experimentally. 1 However, studies of the scattering of acoustic phonons in this type of multilayered structure are very limited.
Recently, the thermal conductivity of AlAs/GaAs superlattices has been measured over a wide range of temperatures.
2 Surprisingly, in the growth direction of the superlattice, the thermal conductivity is reduced by about one order of magnitude relative to that of bulk GaAs. No quantitative theory accounting for this result exists, though the reduction of thermal conductivity is expected by qualitative argument. This is because the folding of phonon dispersion relations associated with the artificial periodicity of a superlattice structure is expected to reduce the group velocity of phonons. In addition, umklapp anharmonic scatterings become possible at energies much smaller than those in a bulk crystal. 3 In the present work we calculate the isotope scattering rate of acoustic phonons in periodic AlAs/GaAs and also Al/W superlattices. 4 It should be noted that the elements Al and As are isotopically pure and thus elastic scattering in the former occurs from the mass difference between 69 Ga and 71 Ga atoms in the GaAs layers and in the latter from the five isotopic atoms 
where P(x) is the momentum operator canonically conjugate to the displacement field of the phonons, 0 either represents the discontinuous mass density distribution with a periodic parapet profile along the growth direction z ͑the interfaces are parallel to the x ʈ plane͒ or takes the averaged mass density in each constituent layer, and ⌬ is the mass density fluctuation around 0 . In a superlattice consisting of two neighboring layers A ͑thickness d A ) and B ͑thickness d B ), P takes the form
where ϭ(q ʈ ,q z , j,m) is a set of quantum numbers comprising the wave vector Qϵ(q ʈ ,q z ), mode index j, and band index m. It should be noted that in general each mode consists of three pairs ͑indexed by l) of counterpropagating waves. 6 However, in the isotropic approximation the two sagittal modes ( jϭ1,2) consist of two pairs of counterpropagating longitudinal (lϭ1) and transverse (lϭ2) waves and the horizontally polarized shear mode ͑SH mode, jϭ3) consists of a single pair of counterpropagating transverse (lϭ3) waves. Also in the above equations N is the periodicity number and S is the interface area, c and c † are the phonon annihilation and creation operators satisfying ͓c ,c Ј † ͔ ϭ␦ , Ј , Dϭd A ϩd B is the length of the unit period, 0
is the averaged mass density of the A (B) layer, ⌰ is the unit step function, t ,l and r ,l are the transmission and reflection coefficients, e ,l and ẽ ,l are the unit polarization vectors, and k ,l I (IϭA,B) is the wave number in a layer along the growth direction. It should be remarked here that the wave vector Q and angular frequency define the superlattice phonon dispersion, whereas the wave vector K ,l I ϵ(q ʈ ,k ,l I ) and for IϭA and B define the bulk phonon dispersion relations of the constituent materials. Equation ͑2͒ satisfies Bloch's theorem required for a periodic system. The magnitudes of t ,l and r ,l are normalized according to
͑7͒
With these equations the interaction Hamiltonian becomes
where LϭND is the length of the superlattice, Ϫϭ(؊q ʈ ,q z , j,m),
and ⌬ k ʈ is defined by
Applying the golden rule for the transition rates, we obtain the following equation for the deviation ⌬n of the phonon occupation number from the thermal equilibrium value:
Now we take the configuration average over mass density fluctuations
where
are the unit-cell volumes of A and B materials. In Eq. ͑13͒
measures the mass fluctuation due to the isotope distributions, where n I is the number of isotopes, f I,i and M I,i are the fraction and mass of I material due to ith isotope, and M I is the average mass, i.e., M I ϭ 0 I V 0 I . With the above averaging procedure we have
For a numerical calculation we consider the AlAs/GaAs and Al/W superlattices, whose phonon band structures have been studied extensively. 7 Specifically, the Al/W superlattice exhibits large-frequency gaps in its phonon dispersion relations due to large acoustic mismatch between the constituent materials ͑see Table I͒ ). Thus the following formula is applied to calculate numerically the isotope scattering rate in these superlattices with A the GaAs or tungsten:
with v ϭ͉d /dq z ͉, or, more explicitly,
where 
In the above equations I A ( ) is a dimensionless quantity, a ,l and a ,lϩ3 (lϭ1 -3͒ stand for the transmission and reflection coefficients t ,l A and r ,l A , respectively, e ,lϩ3
A , and v 0 is a velocity used for the normalization. If the materials A and B are the same, Eq. ͑17͒ reduces to 1/2 of the isotope scattering rate of phonons in the bulk A material, i.e., bulk Fig. 2͒ stems from the phonons localized at the interfaces between the tungsten and aluminum, i.e., k ,l A and k ,l B are complex numbers. Owing to the mutual overlapping of the localized lattice displacements along the growth direction due to the finite thicknesses of the constituent layers, these phonons are extended over the superlattice and forms a frequency band. In the following we call this frequency band the Stoneley ͑ST͒ band. This is also the origin of the enhanced phonon density of states ͑DOS͒ in the Al/W system at low frequencies, which can be seen below. Note that the phonons localized at the layer interfaces are reduced to the Stoneley interface phonons when the layer thicknesses become infinite, which is characteristic of the special combinations of the elastic constants and mass densities of the constituent materials. 8 No such localized mode exists at the interfaces between bulk GaAs and AlAs. The DOS of superlattice phonons
which reflects the band structures together with those of bulk materials, are plotted in Figs. 3 and 4 for the AlAs/GaAs and Al/W superlattices, respectively. At low frequencies the DOS grows in proportion to 2 as in the bulk materials and for the AlAs/GaAs system the magnitude takes almost the averaged value of the DOS's of bulk AlAs ͑squares͒ and GaAs ͑circles͒. This means that the magnitude of DOS in the low-frequency region of the AlAs/GaAs superlattice is consistent with the one estimated from the formula for the bulk phonons with the mass and elastic constants averaged over GaAs and AlAs. However, for the Al/W superlattice the magnitude of DOS at low frequencies is much larger than those of the bulk aluminum ͑squares͒ and tungsten ͑circles͒. This enhanced DOS of the Al/W superlattice is due to the existence of the extra ST band below the lowest band of the transverse phonons as stated above.
At high frequencies the situation is somewhat different. In particular, we see in Fig. 4 for the Al/W superlattice that the DOS increases linearly with in certain frequency ranges and also exhibits various structures. ͑The frequencies at which singularities are found in the DOS correspond well to the local maxima and minima of the frequency bands shown in Fig. 2 .͒ This linear behavior of the DOS reflects the localized ͑low-dimensional͒ nature of the phonons in the superlattice, which is shown as narrow lines in the band structures of Fig. 2 . Quite unlike the DOS in the Al/W superlattice, the DOS in the AlAs/GaAs superlattice exhibits almost 2 behavior below D/v 0 Ͻ3.5 except for the tiny structures around D/v 0 ϭ3.5 and 10.
In Fig. 5 we have plotted the isotope scattering rates of L and T phonons propagating along the growth direction of the AlAs/GaAs superlattice together with the corresponding phonon dispersion relations. ͑The scattering does not exist in the frequency gaps where phonon propagation is prohibited.͒ Due to the structural anisotropy of the superlattice, the scattering rate depends on both the phonon mode and propagation direction. For comparison, the isotope scattering rate ͑proportional to 4 ) in bulk GaAs, which is independent of the phonon polarization and propagation direction, is represented by the dotted line. As expected, the scattering rates are smaller than that in the bulk GaAs because the scattering does not occur in the AlAs layers. We also see that the scattering rate of the L phonons is smaller than that of the T phonons. This can be understood as follows. For phonons in a frequency band the propagation angles in each layer measured from the growth direction are allowed from 0°to 90°f or the L mode but 0°to some angle smaller than 90°for the T mode. Hence the inner products of the polarization vectors between the initial ͑propagating at 0°) and a scattered sagittal phonons ͓see Eq. ͑16͔͒ extends from 1 to 0 for the L mode but from 1 to some finite value for the T mode, leading to the enhanced scattering for the transverse phonons.
The similarly enhanced scattering rate of T phonon can be seen in Fig. 6 for the Al/W superlattice at the low-frequency region below the lowest-frequency gap. However, the reason for the suppressed L phonon scattering rate is somewhat different from that for the AlAs/GaAs superlattice. The L phonon in this superlattice is scattered predominantly into the ST phonons, but the T phonon is scattered into both the SG and SH phonons, which have larger DOS than that of ST phonons. This is also the reason that we cannot see discernible structures in the scattering rate of L phonon at about D/v 0 ϭ2.4. At higher frequencies very complicated band structures of phonons in the Al/W superlattice makes it hard to tell which scattering rate is larger. Also we note that the scattering rate of low-frequency T phonons is close to the scattering rate of phonons in bulk tungsten. This enhancement is again due to the existence of the ST band below the SH band.
Here we should note that the Al/W superlattice is metallic and hence the electron-phonon scattering should dominate the isotope scattering of phonons. The relaxation times of phonons in the bulk tungsten and aluminum due to electron scattering have been reported at frequencies higher than 0.1 GHz where the attenuation depends linearly on the frequency. 9 In this regime the longitudinal phonon relaxation rate in the ͓001͔ direction is elϪph,I Ϫ1 ϭ␣ I , where ␣ W ϭ3.3ϫ10
Ϫ3 for tungsten 10, 11 and ␣ Al ϭ2.7ϫ10 Ϫ2 for aluminum. 12 An enhanced attenuation in a metallic superlattice has also been reported. 13 These results indeed indicate much larger phonon attenuation due to the scattering with electrons in the gigahertz frequency range. The reason that we have given the numerical calculation for the Al/W superlattice is, as remarked repeatedly, to emphasize the existence of the ST band and its effect on the isotope scattering of phonons. Such a ST band and the associated enhancement of the isotope scattering should be also found in nonmetallic ͑possibly strained͒ superlattices with a large acoustic mistamch.
To summarize, we have derived a formula for the isotope scattering of phonons in superlattices and also given numerical results for the AlAs/GaAs and Al/W superlattices. For phonons propagating normal to the layer interfaces, the scattering of the longitudinal phonons in the AlAs/GaAs superlattice ͑also at the low-frequency region of the Al/W superlattice͒ is smaller than that of the transverse phonons by a factor of 2 or more. Thus, as far as the lattice thermal conductivity in the elastic scattering dominated regime is concerned, we expect that the longitudinal phonons play a more important role in superlattices than in bulk materials.
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